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1 Introduction 

Isoperimetric problems consist in maximizing or minimizing a cost functional 
subject to integral constraints. They have found a broad class of important 
applications throughout the centuries. Areas of application include astronomy, 
geometry, algebra, and analysis [4J. The study of isoperimetric problems is 
nowadays done, in an elegant and rigorously way, by means of the theory of the 
calculus of variations [18], and concrete isoperimetric problems in engineering 
have been investigated by a number of authors [0]. For recent developments on 
isoperimetric problems we refer the reader to [21 [H E] and references therein. 

A new delta-nabla calculus of variations has recently been introduced by the 
authors in . The new calculus of variations allow us to unify and extend the 
two standard approaches of the calculus of variations on time scales [TOj [161 [T7] , 
and is motivated by applications in economics [8]. 

The delta-nabla variational theory is still in the very beginning, and much 
remains to be done. In this note we develop further the theory by introducing 
the isoperimetric problem in the delta-nabla setting and proving respective 
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necessary optimality conditions. Section |2] reviews the Euler-Lagrange equa- 
tions of the delta-nabla calculus of variations [l^ and recalls the results of the 
literature needed in the sequel. Our contribution is given in Section |3l where 
the delta-nabla isoperimetric problem is formulated and necessary optimality 
conditions for both normal and abnormal extremizers are proved (see Theo- 
rems [H] and [TU]) . We proceed with Section HI illustrating the applicability of 
our results with an example. Finally, we present the conclusion (Section 
and some open problems (Section [6]). 

2 Preliminaries 

We assume the reader to be familiar with the theory of time scales. For an 
introduction to the calculus on time scales we refer to the books [6], U\ 113] . 

Let T be a given time scale with jump operators a and p, and differential 
operators A and V. Let a,b E T, a < b, and (T \ {a, b}) fl [a, b] ^ 0; and 
-^a(t,') and Lv(-,-,-) be two given smooth functions from T x to M. 
The results here discussed are trivially generalized for admissible functions 
!/:¥—)■ R"' but for simplicity of presentation we restrict ourselves to the 
scalar case n = \. Throughout the text we use the operators \y\ and {y} 
defined by 



In the problem of extremizing a delta-nabla variational functional sub- 
ject to given boundary conditions y{a) = a and y{b) = /3 is posed and studied: 



where Cl ([a, b],M.) denote the class of functions y : [a,b] ^ M with y^ contin- 
uous on [a,b]'^ and y^ continuous on [a, 6]^. 

Definition 1. We say that y G Cl{[a, b],M) is a weak local minimizer (respec- 
tively weak local maximizer) for problem ([1]) if there exists 5 > such that 
Jiy) < Jiy) (respectively J{y) > J{y)) for all y G C^([a, 6],]R) satisfying 
the boundary conditions y{a) = a and y{b) = j3, and \ \y — y\\i,oo < 5, where 
\\y\\i,oo ■= WWoo + ||2/''||oo + Ib'^lloo + llz/^lloo and \\y\\^ := snpt^^^^^. \y{t)\. 

The main result of [2] gives two different forms for the Euler-Lagrange 
equation on time scales associated with the variational problem ([1]). 



[y]{t) := {t,y-{t),y^{t)) , {y}{t) := {t,y^{t),y^ (t)) . 




extr 



(1) 



yeCl{[a,b],R) 
y{a) = a, y{b) = {3 
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Theorem 2 (The general Euler-Lagrange equations on time scales [E]). // 
y E Cl is a weak local extremizer of problem ([T]), then y satisfies the following 
delta-nabla integral equations: 



d,L^[y]{p{t))- j d2L^[y]{T)/\i 
+ My) [d;L.,{y}{t) - ^ 52Lv{y}(r)Vr^ = const Vt G [a, b]^ ; (2) 



My) [d^L^im - ^ d2LM{r)Ar 

+ My) [dzLy{y}{cr{t)) - j'^J^ a2Lv{^}(r)Vr j = consi Vt G [a, fe]'^ . 

(3) 

Remark 1. In the classical context (i.e., when T = the necessary conditions 
([2]) and ([3]) coincide with the Euler-Lagrange equations recently obtained in J^. 

Our main goal is to generalize Theorem [2] by covering variational problems 
subject to isoperimetric constraints. In order to do it (cf. proof of Theorem [8]) 
we use some relationships of [3J between the delta and nabla derivatives, and 
some relationships of [12j between the delta and nabla integrals. 

Proposition 3 (Theorems 2.5 and 2.6 of [3J). (i) If f : T ^ ^ is delta 
differentiable on T'^ and f^ is continuous on T'^, then f is nabla differentiable 
on Tk and 

f it) = [f^Y {t) forallteT,. (4) 

(a) If f : T ^ W is nabla differentiable on and f^ is continuous on T^, 
then f is delta differentiable on T'^ and 

f^it) = {f^Y (t) forallteT\ (5) 

Proposition 4 (Proposition 7 of [12]). If function / : T — ^ R zs continuous, 
then for all a, 6 G T with a < b we have 

ff{t)At= frmt, (6) 

J a J a 

f{t)Vt= f nt)At. (7) 



We also use the nabla Dubois-Reymond lemma of [16]. 
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Lemma 5 (Lemma 14 of [16]). Let f e Cid{[a,b],R) . If 

f{t)ri^{t)Vt = for all r] E C/^([a,6],M) with r]{a) = r]{b) = , 
then f{t) = c on t E [a, 6]^ for some constant c. 

3 Main Results 

We consider delta-nabla isoperimetric problems on time scales. The problem 
consists of extremizing 



C{y)= {^j^ L^[y]{t)/\t^ (^j^ Ly{y}{t)Vt^ ^ extr 



(8) 



in the class of functions y E C^([a, b], M) satisfying the boundary conditions 

y{a) = a, y{b) = ^ , (9) 

and the constraint 

/C(2/) = (^l\^[y]{t)At^ (^J\^{y}mt^ = k, (10) 
where a, /3, k are given real numbers. 

Definition 6. We say that y E C^([a, b],M.) is a weak local minimizer (respec- 
tively weak local maximizer) for fl8|)-f fT0|) if there exists 6 > such that 

^{y) < '^{y) {respectively C{y) > C{y)) 

for ally E C^([a,6],M) satisfying the boundary conditions ([9]), the isoperimetric 
constraint ( ITOj) . and \\y — y\\i^oo < ^ ■ 

Definition 7. We say that y E Cl is an extremal for IC if y satisfies the 
delta-nabla integral equations and ([3]) forfC, i.e., 

( rpit) ^ 

}Cv{y) idsK^lyMi)) - J d2K^[y]iT)AT 

+ lC^{y){d^Ky{y}{t)- jy2K^{y}{r)VT^= const VtG[a,6],; (11) 
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+ /CA(y) [d;K^{y]{<t)) - ^ " d2Ky{y}{T)V^ = const Wt e [a, • 

(12) 

An extremizer (i.e., a weak local minimizer or a weak local maximizer) for 
the problem fl51)- (fTU]) that is not an extremal for K, is said to be a normal 
extremizer; otherwise (i.e., if it is an extremal for K,), the extremizer is said 
to be abnormal. 

Theorem 8. If y E Cl {[a,b],M.) is a normal extremizer for the isoperimetric 
problem flHl) - ffTOj) . then there exists A G M such that y satisfies the following 
delta-nabla integral equations: 

( fpit) ^ 

Csj{y) \d^Lj^[y]{p{t)) - J d2L4y]{T)Ar 

+ U{y) (^d^L^im) - ^ 92LvM(r)Vr 
- A |/Cv(y) (^dsK^yMt)) - j'^'^ d2K4y]ir)Ar 
+ICA{y) (^d^KyiyW) - ^ d2K^{y}{r)Vr^ | = const Vt G [a, b]^ ; (13) 



(^d,L^mt) - ^ d2LAmr)Ar 

+ U{y) I d^L^mait)) - j 92LvM(r)V 
- A |/Cv(y) {d,K^[m - 1^ d2K^[y]{r)Ar 



+ ICAiy) (^d3Ky{y}{a{t)) - ^ " d2K^{y}{r)VTj | = const Vt G [a, . 

(14) 

Proof. Consider a variation of y, say y = y + ei'qi + £2?72, where for each 
i G {1, 2}, r]i G Cl{[a, b],M.) and rii{a) = rjiip) = 0, and Si is a sufficiently smaU 
parameter (ei and £2 must be such that 1 1|/ — 2/| |i,oo < ^ for some 6 > 0). Here, 
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rji is an arbitrary fixed function and r]2 is a fixed function tliat will be chosen 
later. Define the real function 

K(£i,£2) = /C(y) = K^mt)^t^ KMy}mt^ -k. 



We have 
dK 



de-2 



(0,0) J a 

+ /CA(d) / {d2Ky{y}{tH{t) + dzKy{y}{t)Ti^{t))m = Q. 



We now make use of the following formulas of integration by parts [B]: if 
functions /, (7 : T — M are delta and nabla differentiable with continuous 
derivatives, then 



J a 

f mg^mt = {fgm\ti- f f{t)g{t)vt. 

J a J a 

Having in mind that ri2{a) = 772(6) = 0, we obtain: 

b rt 

t=b 



d^K^mtKmt = / d2K^[y]{T)ATr^2m=a 

J a 



and 



f d2Ky{y}{t)v'2mt = I 92KvM(r)Vrr72(t)|?=^ 

J a J a 



Therefore, 
dK 



/Cv(y) I' (^dsK^mt) - 1^ d2K^[y]{T)AT^ rj^{t)At 



(0,0) 

+ /CA(y) / [d,Ky{m)- I d2K^{y}{rWr\g^{t)Vt. (15) 



b / rt 

V/ 
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Let 



and 



fit) = /Cv(y) dsK^ 



g{t) = JC^iy) d^K^mt) 



a2Kv{y}(r)V 



T 



We can then write equation f|T5l) in the form 



dK 



(0,0) 



f{t)4{t)/\t+ / g{t)r{^{t)yt. 



(16) 



Transforming the delta integral in (1161) to a nabla integral by means of ^ we 
obtain 

dK 



deo 



and by 



(0,0) 

dK 



dei 



(0,0) 



{nt) + g{t))i^^{t)Vt. 



As y is a normal extremizer we conclude, by Lemma [5] and equation (fT2l) . that 
there exists rj2 such that |^ 7^ 0. Since Ar(0,0) = 0, by the implicit 

''^^ (0,0) 

function theorem we conclude that there exists a function £2 defined in the 
neighborhood of zero, such that K{ei, e2{,£i)) = 0, i.e., we may choose a subset 
of variations y satisfying the isoperimetric constraint. 
Let us now consider the real function 



L{ei,e2) = C{y) 



L^[y]{t)At 



L^{y]{t)Vt 



By hypothesis, (0, 0) is an extremal of L subject to the constraint X = and 
V-ftr(0,0) 7^ 0. By the Lagrange multiplier rule, there exists some real A such 
that V(L(0,0) - Air(0,0)) = 0. Having in mind that r]i{a) = r]i{b) = 0, we 
can write 



dL_ 

dsi 



and 
dK 



(0,0) 



+ C^{y) J' (^dsL^im) - 92LvM(r)Vr^ r;7(t)Vt (17) 



dei 



(0,0) 



- JCviy) 



dsK^mt) 



d,Ky{m) 



a2KA[y](r)Ar r/f(t)At 



92KvM(r)VrU7(t)Vt. (18 
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Let 



and 



d2LAmr)AT 



nit) = CAiy) \^d,L^{y}it) - J a2Lv{y}(T)VT 
Then equations ( !T7|) and (fT8|) can be written in the form 



and 



dL_ 

dsi 
dK 



dsi 



(0,0) 



(0,0) 



m(t)ryf (t)At + / n{t)i]Y{t)Vt 



Transforming the delta integrals in the above equalities to nabla integrals by 
means of ([HD and using (jl]) we obtain 



and 



dL_ 

dsi 
dK 



dsi 



(0,0) 



(0,0) 



int)+git))v7mt. 



Vt = 0. 



(19) 



Therefore, 

{m^{t)+n{t)-X{r{t) + gm 

J a 

Since fll9l) holds for any 771, by Lemma Owe have 

mf{t)+n{t)-X{nt)+g{t)) = c 

for some c G M and all t G [a, 6]^- Hence, condition fll3p holds. In a similar 
way we can obtain equation fll4p . In that case we use relationships and 
([7]), and [5l Lemma 4.1]. □ 

In the particular case Ly = we get from Theorem [8] the main result of 

[n]: 



Corollary 9 (Theorem 3.4 of [H]). Suppose that 



J{y)= / L{t,y''{t),y^{t))/\t 
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has a local minimum at subject to the boundary conditions y{a) = ya and 
y{b) = yb and the isoperimetric constraint 



b 



I{y)= / g{t,y^{t),y^{t))At = k. 

Assume that y^ is not an extremal for the functional I. Then, there exists a 
Lagrange multiplier constant A such that y^ satisfies the following equation: 

d,F'^{t,y:{t),y^{t))-d2F{t,y:{t),y^{t)) = Q for all tG[a,6]«', 

where F = L — Xg and d^F^ denotes the delta derivative of a composition. 

One can easily cover abnormal extremizers within our result by introducing 
an extra multiplier Aq. 

Theorem 10. If y E Cl is an extremizer for the isoperimetric problem ([8])- 
( !T0|) . then there exist two constants Aq and A, not both zero, such that y satisfies 
the following delta-nabla integral equations: 

Ao |£v(d) [dzL^mp{t)) - ^ 92i^A[y](r)Ar 

+ U{y) {d^L^{y}{t) - jy2L^{y}{r)WT 
- A |/Cv(y) {d,K^[y]{p{t)) - j'^^'^ d2K^[y]{T)/\T 
+lC^{y){d^K^{y}{t)- jy2K^{y}{r)Vry^ = const Vte[a,6],; (20) 



Ao \cy{y) {d^L^[y]{t) " a2LA[y](r)Ar' 

d^Ly{y}{a{t)) - J d2L^{y}{r)VT 
- A |/Cv(^) (^d,K^[y]{t) - jy2KM{r)Ar 
+ K-A{y) id^K^{y]{a{t)) - ^ " a2Kv{d}(r)Vr j I = const \Jt G [a, bf 



(21) 
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Proof. Following the proof of Tlieorem[8], since (0, 0) is an extremal of L subject 
to the constraint K = 0, the extended Lagrange multiplier rule (see for instance 
[T8l Theorem 4.1.3]) asserts the existence of reals Aq and A, not both zero, such 
that V(AoL(0,0) - AK(0,0)) = 0. Therefore, 

' r/f (t) {Ao (m^(t) + n{t)) - A (t) + git))} Vt = 0. (22) 

Since (l22l) holds for any 771, by Lemma [5l we have 

Ao imPit) + nit))-X{nt)+git))=c 

for some c G M and all t G [0,6]^- This establishes equation (12(1]) . Equation 
(1211) can be shown using a similar technique. □ 

Remark 2. If y E is an extremizer for the isoperimetric problem ([8])- 
( II 01) . then we can choose Xq = 1 in TheoremlT^ and obtain Theorem\^ For 
abnormal extremizers, TheoremlTUi holds with Aq = 0. The condition (Aq, A) 7^ 
guarantees that Theorem\T^is a useful necessary optimality condition. 

In the particular case La = ^ we get from Theorem [TD] the main result 
of 0: 

Corollary 11 (Theorem 2 of [2]). If y is a local minimizer or maximizer for 

i[y]= f f{ty{t),y^{t))vt 

J a 

subject to the boundary conditions y{a) = a and y{h) = (3 and the nabla-integral 
constraint ^ 

J[y]= I g{t,y'{t),y^it))Vt = A, 

J a 

then there exist two constants Aq and X, not both zero, such that 

d,K^ {t,y^{t),y''{t)) -d^K {t,y''{t),y^{t)) =0 
for all t G [a, where K = Aq/ — Xg. 

4 An Example 

Let T = {1, 2, 3, . . . , M}, where M G N and M > 2. Consider the problem 

minimize C{y) = (^j^y^ (t))' At^ l^j^' {y^it))' + l/^(t)) Vt) ^^^^ 

1/(0) = 0, y{M) = M, 



Delta-Nabla Isoperimetric Problems 



11 



subject to the constraint 



^y) = / ty^mt = 1. 

^0 



(24) 



Since 



we have 



L^ = {yy, L^ = {y^y + y^, K^ = ty^, Ky 



M 



and 



d2L^ = Q, dsL^ = 2y^, <92Lv = 0, O^Ly = 2y^ + 1, 



As 



/Cv(y) (dsKAim) - ^ d2KA[y]{T)Ar 



a(t) 



+ /CA(y) \ d^Ky{y}{a{t)) - J d2Ky{y}{r)^r j = t 

there are no abnormal extremals for the problem ( I23i) -(l2 ^ . Applying equation 
( |T4l) of Theorem [8] we get the following delta-nabla differential equation: 



2Ay^{t) + B + 2By^{a{t)) - Xt = C, 



(25) 



where C G M and A, B are the values of functionals and £a in a solution 
of (123D-([21D, respectively. Since y^{(y{t)) = y^{t) (P, we can write equation 
(125!) in the form 

2Ay^{t) + B + 2By^ - \t = C. (26) 

Observe that B and A > 2. Hence, solving equation (!26l) subject to the 
boundary conditions y{0) = and y{M) = M we get 



1/W 



A (M - t) 
4(A + 5)_ 



t. 



(27) 



Substituting f l27l) into fl24l) we obtain A 



(A+B)(M-2) 
12M(M-1) 



. Hence, 



(4 -7 M -3Mt + 6t)t 



M(M- 1) 
is an extremal for the problem (l23|) - (!24l) . 
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5 Conclusion 

Minimization of functional given by the product of two integrals were con- 
sidered by Euler himself, and are now receiving an increase of interest due to 
their nonlocal properties and applications to economics [H HI] . In this paper 
we obtained general necessary optimality conditions for isoperimetric problems 
of the calculus of variations on time scales. Our results extend the ones with 
delta derivatives proved in pT] and analogous nabla results [2] to more general 
variational problems described by the product of delta and nabla integrals. 

6 Open Problems 

The results here obtained can be generalized in different ways: (i) to varia- 
tional problems involving higher-order delta and nabla derivatives, unifying 
and extending the higher-order results on time scales of [lO] and [16]; (ii) to 
problems of the calculus of variations with a functional which is the composi- 
tion of a certain scalar function H with the delta integral of a vector valued 
field /a and a nabla integral of a vector field /v, i.e., of the form 



It remains to prove Euler-Lagrange equations and natural boundary conditions 
for such problems on time scales, with or without constraints. 

Sufficient optimality conditions for delta-nabla problems of the calculus of 
variations is a completely open question. It would be also interesting to study 
direct optimization methods, extending the results of ^15j to the more general 
delta-nabla setting. 
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